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ABSTRACT
We focus our quantitative analysis on the stability of the insulator state in the Hubbard model at a half-
filling. Taking into account large-scale fluctuations (with a long relaxation time) of the on-site Coulomb
repulsion, we consider the possibility of realizing a stabile state which is characterized by pairing for
electrons. The pairing mechanism is as follows: due to fluctuations of on-site repulsion of electrons,
holes, as excited states, are formed electron pairs. The bare values of on-site Coulomb repulsion and
its fluctuations, for which the states with electron pairing are stable, are calculated. The proposed
pairing mechanism is to some extent similar to the formation of a localized moment in the Wolf model1.
The calculations were performed for the chain, as well as square and cubic lattices.
Introduction
The Hubbard chain is unstable at half filling occupation, according to the Lieb-Wu solution2 the fermion
spectrum is gapped for arbitrary (non equal to zero) on-site repulsion2, 3. The authors note absence of
Mott transition in the 1D model2. At half filling in 2D and 3D lattices the Mott transition in insulator
phase is realized at finite value of the on-site repulsion4. The Hubbard model also draws attention to
the possible realization of electron pairing due to on-site repulsion of electrons, the so-called η-pairing5.
Since the compounds, in which high-temperature superconductivity is realized, have been discovered the
question of non-trivial nature of superconductivity remains relevant. Unfortunately, today we have quite
exotic mechanisms of electron interaction to explain high-temperature superconductivity, which lead to
pairing for electrons5–9. A large number of new superconducting materials have been also discovered:
high temperature cuprate superconductors, ruthenates, ferromagnetic superconductors, organic materials.
These materials have clear indications that pairing is due to electron correlations, in contrast to traditional
superconductors. Studying the stability of the phase state of interacting electrons with respect to super-
conducting fluctuations (or electron pairing) can make it possible to propose a real pairing mechanism in
high-temperature superconductors.
The gap in the Hubbard model is a result of hybridization of electrons different bands with momenta
k and k+pi4. Due to the hybridization the conservation of number of the particles in each band is broken,
spontaneous symmetry is also broken10, 11. The gap formation mechanism in the Hubbard model is
similar to the η pairing proposed by Yang5, 12, unfortunately η pairing is not realized in the framework
of the Hubbard model with on-site repulsion. We believe that the nature of the gap can be more complied
when fluctuations of the on-site Coulomb repulsion are taken into account. At half filling occupation
low energy excitations are holes, therefore fluctuations of the on-site Coulomb repulsion trigger holes in
the electron spectrum, which can pairing with electrons, other words electrons polarized holes. In this
case fluctuation of the on-site Coulomb repulsion is effective attractive potential, which can form pairs.
The process of pairing for particles is determined by both values of the bare on-site repulsion and its
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fluctuation. We use this idea to consider the stability of the Hubbard model in the framework of a mean
field approach taking into account pairing for electrons. As result the fermion spectrum is determined by
two gaps, the values of the gaps in chain and square, cubic lattices are calculated.
Model
We will analyze the behavior of fermions in the framework of the well-known Hubbard model, the Hamil-
tonian H = H0+Hint is written as
H0 =− ∑
<i j>
∑
σ=↑,↓
a
†
i,σ a j,σ −µ ∑
j
∑
σ=↑,↓
n j,σ ,
Hint =U ∑
j
(
n j↑−
1
2
)(
n j,↓−
1
2
)
, (1)
where a
†
j,σ and a j,σ are the fermion operators on a site j with spin σ =↑,↓, n j,σ = a
†
j,σ a j,σ denotes the
density operator. The Hamiltonian (1) describes the hoppings of fermions between the nearest-neighbor
lattice sites with the magnitudes equal to unit, µ is the chemical potential. Hint term is defined by the
on-site Coulomb repulsion with the value of U .
We shall analyze the phase state of the system at half filling occupation for arbitrary dimension
d = 1,2,3, which corresponds to µ = 0. First of all, we consider the fluctuation of the local potential
δU > 0 with a large relaxation time (compared with the relaxation time of fermions), the fluctuation also
has a macroscopic scale. At a sufficiently large fluctuation, when δU > ∆ (∆ is a gap in the fermion
spectrum), the quasi-particle excitations in high energy band form holes in the spectrum. At half-filling
and δU = 0 a low energy band is full filled. Attractive on-site interaction for particles and holes can to
lead to forming particle-hole pairs. At the end of the fluctuation life, the phase state of fermions relaxes
to initial state with the on-site interaction equal toU . The system can return to its initial state, determined
by the Hamiltonian (1), or to another state, which also corresponds to the same interaction equal to U .
Minimal energy of the system corresponds to the most probable phase state. We consider the model
Hamiltonian in the form (1) with the following Hamiltonian Hint
Hint = (U +δU)∑
j
(
n j↑−
1
2
)(
n j,↓−
1
2
)
−δU ∑
j
(
n j↑−
1
2
)(
n j,↓−
1
2
)
, (2)
where the first term with the constantU +δU generates the hole excitations in the fermion spectrum, the
second term with the constant −δU forms particle-hole pairs.
The Hamiltonians (1) and (2) are determined by the same on-site Coulomb repulsion U , but in the
second case this phase state can be formed by excitations of fermions at U +δU and pairing for particles
and holes at −δU by fluctuation δU . We have separated two processes: formation of holes in the
spectrum of electrons and their polarization due to the attraction of electrons to them. We study instability
of the Hubbard model induced by the formation of particle-hole states at half filling occupation.
Ground state
The solutions for λ j and Λ j are determined by unknown vectors q and p, they determine the energies of
the quasiparticle excitations Eα(k,q,p) (see section ”methods”). q 6= 0, p 6= 0 lift the degeneracy of the
spectrum over the spin of electron forming a complex fermion spectrum. Due to symmetry of the fermion
spectrum the chemical potential is equal to zero at half-filling for arbitrary λ ,q, Λ,p and dimension of the
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Figure 1. (Color online) The gap ∆ a) and the action δSe f f b) as function of δU at U = 0 for different
dimension d=1,2,3 (where λ = Λ and ∆ = λ +Λ)
.
model. It allows us to calculate the state of the system which corresponds to minimum energy at µ = 0,
the energy is equal to E = ∑16α=1∑k,Eα(k,q,p)<0Eα(k,q,p). Numerical analyze shows that the minimum
of energy E is always located at q = pi , p = 0 (for arbitrary dimensions of the model and parameters
of the λ −Λ field). The ground state of the system is achieved at q = pi , p = 0, when pairs have zero
momentum, with following quasiparticle excitations
E+± (k) =±
√
(λ +Λ)2
4
+ ε2d (k),E
−
±(k) =±
√
(λ −Λ)2
4
+ ε2d (k), (3)
where εd(k) = ∑
d
i=1 coski, k = (kx,ky,kz). The spectrum is characterized by the gaps for each branch of
excitations ∆± = |λ ±Λ|.
Given (3) in (7) we can obtain the following equations that correspond to the saddle point of the action
λ
U +δU
−
λ +Λ
4N
∑
k
1√
(λ +Λ)2+4ε2d (k)
−
λ −Λ
4N
∑
k
1√
(λ −Λ)2+4ε2d (k)
= 0,
Λ
δU
−
Λ+λ
4N
∑
k
1√
(Λ+λ )2+4ε2d (k)
−
Λ−λ
4N
∑
k
1√
(Λ−λ )2+4ε2d (k)
= 0. (4)
Action Se f f (U,δU) (7) has the following form
Se f f (U,δU)
β
=
λ 2
U +δU
+
Λ2
δU
−
1
2N
∑
k
(√
(λ +Λ)2+4ε2d (k)+
√
(λ −Λ)2+4ε2d (k)
)
, (5)
where unknown λ and Λ are solution of Eqs (4).
The case U=0
Eqs (4) have both trivial solution λ = Λ = 0 which correspond to noninteracting fermions and nontrivial
solution λ = Λ 6= 0, the solution that is determined by repulsive and attractive Hubbard interaction δU .
A nontrivial solution for λ 6= 0 and Λ 6= 0 splits the branches of the spectrum (4), degenerated by the spin
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of noninteracting electrons, on gapless E−± (k) = εd(k) and gapped E
+
± (k) =±
√
λ 2+ ε2d (k) with the gap
∆ = 2Λ or ∆ = 2λ (3) (see in Fig1a) ).
In the chain the gap state is realized for an arbitrary value of fluctuation δU . In weak δU limit the
gap is exponential small ∆ = 4Gexp(−2pi/δU), where G is cutoff that defines the region of integrating
for the momentum near µ = 0. In square and cubic lattices an nontrivial solutions for λ , Λ takes place at
finite δU > δUc, where δUc is a minimal value of on-site repulsive fluctuation at which the particle-hole
states are realized or this is a criterion for phase stability. This fact leads from numerical calculation, such
δUc = 0.3 for square and δUc = 1 for cubic lattices. δUc = 0 is not surprising in the chain because the
same behavior of the fermion spectrum takes place in the Hubbard chain2.
The phase transition is accompanied by a decrease in action, which leads to a stable state of the new
phase. Numerical calculations δSe f f = Se f f (U,δU)− Se f f (U,0) at U = 0 for different dimensions of
the system are shown in Fig 1b).
The cases U=0.5 and U=1
The formation of the ground state of the model for the bare Coulomb repulsionU = 0.5 andU = 1 and an
arbitrary dimension of the system is considered. Nontrivial solutions for λ and Λ determine the ground
state of the interacting fermions, these solutions take place at finite values of δU . A minimal value of
δU , at which the phase with electron pairing is realized, increases with value of bare repulsion U . We
illustrate these calculations at U = 0.5 and U = 1 for different dimension of the system (see in Figs 2, 3,
4). Numerical calculations of the averages λ and Λ and action δSe f f as function of δU are shown in Figs
2, 3, 4. The behavior of the system is similar for different dimension, the main result that this state is
stable and can be realized. In Fig 5 we have calculated the ground state phase diagram in the coordinates
U , δU for square and cubic lattices. The curves separate the regions in which the pairing for electrons is
carried out (above the curves) and not realized (below the curves).
Conclusions
The discovered instability of the Hubbard model at half filling occupation allows us to propose a possible
new mechanism of pairing for electrons. To realize such a pairing mechanism, sufficiently large large-
scale fluctuations of the Coulomb repulsion between electrons are preferable in a low-dimensional system.
Repulsion fluctuations should be of the order of the magnitude of the bare interaction between electrons.
Many high-temperature superconductors have an effective dimension of two, which is preferred in this
case. The gap in the fermion spectrum is determined by the magnitude of the fluctuation of the Coulomb
repulsion; therefore, we are talking about a large value of the gap and the electron-electron mechanism
of pairing for particles.
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Methods
Let us introduce the operators χ†j = a
†
j,↑a j,↓ and η
†
j = a
†
j,↑a
†
j,↓ and redefine the term Hint (2) is the
following form Hint = −(U + δU)∑ j χ
†
j χ j − δU ∑ j η
†
j η j. The Hubbard-Stratonovich transformation
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Figure 2. (Color online) The components of λ −Λ-field a) and action δSe f f b) as function of δU
calculated at U = 0.5 and U = 1 for chain, where λ = 0,Λ = 0.061 at δU = 1, when U = 0.5 and
λ = 0,Λ = 0.193 at δU = 1.51 when U = 1.
maps interacting fermion systems to non-interacting fermions moving in an effective field, we define the
interaction term introducing the action S0
Sint = S0+∑
j
(
λ ∗j λ j
U +δU
+
Λ∗jΛ j
δU
)
+∑
j
(λ jχ j +Λ
∗
jη
†
j +H.c.) (6)
The canonical functional is defined as Z =
∫
D [λ ,Λ]
∫
D [χ†,χ ,η†,η]e−S, where the action S =
1
U+δU ∑ j λ
∗
j λ j+
1
δU ∑ j Λ
∗
jΛ j+
∫ β
0 dτΨ
†(τ)[∂τ +He f f ]Ψ(τ)withHe f f =H0+∑ j(λ ja
†
j,↓a j,↑+Λ
∗
ja
†
j,↑a
†
j,↓+
H.c.), where Ψ(τ) is the wave function. We expect that λ j and Λ j are independent of τ because of trans-
lational invariance.
At the on-site hybridization and pairing and due to translation invariance, only the phases of λ j and
Λ j are depend on j, a namely λj = exp(iq j)λ and Λj = exp(ipj)Λ, where q and p are unknown wave
vectors. The task is reduced to moving fermions in a static inhomogeneous λ −Λ field. We can integrate
out fermions to obtain the following action Se f f per an atom (6) (N is the total number of atoms with
lattice constant equal to 1)
Se f f (U,δU)
β
=−
T
N
∑
k
∑
n
16
∑
α=1
ln[−iωn +Eα(k,q,p)]+
|λ |2
U +δU
+
|Λ|2
δU
, (7)
where ωn = T (2n+1)pi are Matsubara frequencies, k, q are the momenta of electrons, p is the momentum
of Cooper pair, 16-quasiparticle excitations Eα(k,q,p) (α = 1, ...,16) determine the fermion state in the
λ −Λ field. In the saddle point approximation the canonical functional Z will be dominated by the
minimal action Se f f (7), that satisfies the following conditions ∂Se f f /∂λ = 0 and ∂Se f f /∂Λ = 0.
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